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Abstract: We prove that if D is a simply connected (open) domain in the complex plane 6, E is a closed subset of D, 
and {f,X’=p=1 are functions analytic in D such that f,(D) E E for all n, then the compositions F,(r) = 
fiOf20 ... 0 f,(z) for n = 1,2,3,. . . , converge uniformly in D to a constant function. Some generalizations are also 
presented. 
Keywor& Convergence of sequences of functions, continued fractions, fixed point theorems, iterations. 
1. Introduction 
A function f defined on a set D c C, f (0) c D, is called a contraction if there exists a 
constant a, 0 < a -C 1, such that 
If(z,)-f(z2)( <a(z,--zz,( forall zl, ~,ED. 0.1) 
Such a function has a unique fixed point z0 E D (f ( zO) = zO). Iterations of f will converge to 
this fixed point for all z E D; that is, 
limI;,(z)= limf~f~~~~~f(z)=z, forallzED. (1.2) n-CC n-m 
(See, for instance, [6, p.1811.) However, if f is analytic in a domain D (“domain” is here and in 
the following used to describe an open, connected set), then iterations of f have the same 
behavior (1.2) under milder conditions, as stated in the next theorem. 
Theorem A (Her&i [3, p.5241). Let f be analytic in a simply connected domain D and continuous on 
the closure 5 of D, and let f(o) be bounded and contained in D. Then f has a unique fixedpoint zO 
in D, and (1.2) ho&. 
In view of this we shall say that an analytic function f : D -+ D is an analytic contraction if 
there exists a simply connected domain D,, and a closed, bounded set E such that 
f(D)UcD&D. 0 -3) 
In this paper we shall not confine ourselves to iterations of such analytic contractions, but rather 
study compositions 
e(z) =flo f20 *.* ofn(z), fk: D+D, 0 -4) 
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for n = 1, 2, 3,. . . , where fk may vary with k. Such compositions have already been studied by 
Gill [l] in the special case where f, + f, which again is assumed to be an analytic contraction (see 
Theorem B below). He also listed some reasons why such compositions are of interest. We shall 
prove the following result. 
Theorem 1. Let { f,} be a sequence of analytic contractions in a domain D, such that 
f,(D)cEGD,GD foralln, (1.5) 
where DO is a simply connected domain, and E is a closed bounded set. Then { F,(z)}, given by 
(1.4) converges uniformly in D,, and locally uniformly in D to a constant function F(z) = c E E. 
Remark. It follows from the proof of Theorem 1 that one also has that lim, +ooF,( zn) = c for all 
sequences { z, } from DO. 
This Theorem 1 generalizes Gill’s result, as shown in the following theorem. 
Theorem B (Gill [l, Theorem 11). Let { D, } be a sequence of domains and { f, } be a sequence of 
functions such that 
(i) for each n, f, is analytic in D, with f,( 0,) contained in D,,_ 1, 
(ii) fl D,, # fl and there is a domain D that lies in flD,,, 
W) f,(z) +f(z) on D, 
(iv) f, + f uniformly on closed regions contained in D, 
(v) there exists a simple, closed contour T contained in D such that f ( a) is contained in Int( 52), 
where A2 = T U Int( r). 
If o, afixedpoint off in A2, is such that If(z)-aI < Iz--(Y[ for all zET, then a is the 
unique fixed point off in 1(2, and there exists a constant X in D, where 
lim Fn(z,,) =A for all { zn} in 0. 
n+cc 
That Theorem 1 really generalizes Theorem B can be seen since (i) if D is simply connected, 
then we can choose DO = D (which corresponds to ti in Theorem B); (ii) if { f,} is a sequence of 
analytic functions, f, : D + D, satisfying (1.5) for all n > N, then 
Fn’N’(z) =fN+l o fN+2 ’ * ’ ’ o fN+rdz) (1.6) 
converges uniformly in DO to a constant function FcN)( z) = cN. By the continuity of FN( Z) it 
follows therefore that 
F,(z)=FN(&(!i(z))+FN(cN)=c uniformlyin D,,. (1.7) 
Theorem 1 also generalizes Theorem A since E is bounded, so that without loss of generality 
we can assume that all f, are continuous in 0; as shown in the next theorem. 
Theorem 1’. Let { f, } be a sequence of functions analytic in a domain D c C and continuous in 5 
such that 
fi f,@)O,,cD, (1-8) 
n=l 
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where D,, is a simply connected domain. Then { F”(z)} converges 
uniformly in D to a constant function. 
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uniformly in 3, and locally 
If D, = D and all f, = f this theorem reduces to Theorem A. We,can also obtain an estimate 
for the speed of convergence of { F,(z)} on D,, as indicated in the following theorem. 
Theorem 2. Let D be a simply connected domain, and let { f, } b e a sequence of functions analytic 
in D and continuous in 5 such that 
E= ; f,(o)cD, E bounded. 
n=l 
Further, let c denote the limit c = lim Fn( z) E E for z E 0, and let t be a Riemann mapping 
function for D. Then 
IF,(z)-cl <MC& forallzEDandnEN, 
where 
M=2 sup Jz-cl, 
ZED 
and 
cn G 1 - l:(c) ( G 1 1 l-p’ c,+ l- lt(c)(2’ 
If t(c) = 0, then C, = 1 for all n. 
(A Riemann mapping function t of a simply connected domain D is an analytic, univalent 
function which maps D onto the open unit disk U = { z E C; I z I < l}. It is not unique.) 
Since c E E G D in Theorem 2, it follows that the bound for ) Fn( z) - c I given in Theorem 2 
can be replaced by one which depends only on E and D, and not on the functions f,. E can be 
replaced by any closed set E’ such that E G E’ c D. 
Example. Let _D be the disk 1 z - a I -C R, and let { f, } be functions analytic in D and 
continuous in D with f,(D) c D, for all n, where D, is the smaller disk I z - a I < r < R. Let 
p E D be chosen arbitrarily. Then 
t(z) =R _ _ 
z-p 
(a-p)z+R2- Ial’+ap 
for z E D 
is a Riemann mapping function for D with t(p) = 0. We get 
/-m.up{ It(z z-r} = 
Rla-pl+rR 
rla-pl+R2 
and 
M=2 sup{ lz-cl; ZED} =2(R+ la-cl). 
Choosing p = a we thus find that 
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2. A generalization 
The same type of results as stated in the Introduction can be established in the more general 
situation where each f, is analytic in a domain 0, c @, and f,( 0,) _C D,_ 1 for all n. Then we 
can still define the compositions F,. However, to be able to talk about uniform convergence of 
F,(z) on some set D, we need that 
DC h D,+@ forsomeNENU{O}. (2.1) 
n=N 
In many applications though, we only need that the sets K,, = Fn( D,,) converge to a one-point set 
{c} as n -+ cc. Since f,(D,) C Dn_l, we have that K, = I;,(D,) = F,_l(f,(D,)) G Fn_l(D,_l) = 
K n-1. That is, { K,,} is a sequence of nested sets. Hence it suffices to prove that 
lim diam(K,) =O. (2.2) n-a, 
If, in particular, (2.1) holds, then (2.2) implies uniform convergence of Fn(z) to a constant 
function in D. 
Clearly { diam( K,)} is a nonincreasing sequence of positive numbers and thus converges to a 
number d > 0. To obtain d = 0, we again need some kind of “uniform contraction”. 
Definition. We say that the pair ({ fn}TG1, { D,}F=O) satisfies Condition C - 6, where 0 G e G 1, if 
for all n E N 
(i) D, is a simply connected complex domain, 
(ii) f, is analytic in D,, with E,_, = fn(Dn>~ Dn_l, 
and 
(iii) D, has a Riemann mapping function t, such that 1 t,(z) ( < c for all z E E,,. 
We are then able to prove the next theorem. 
Theorem 3. Let ({ f, }z= 1, { D, }c=O) satisfy Condition C - e for an e < 1. Then 
diam( K,) < 2 diam( EO)C/-’ for all n E N, 
where 
1 1 
C, < x and lim sup C, < - 
l-e2’ 
If E, is bounded, then diam( K,) + 0. 
(2-3) 
Another generalization can be obtained by treating sections of { f,} as one contraction. For 
example, see the following theorem. 
Theorem 4. Let ({ fn}F=i, { D,}z=,-,) and the subsequence { n( k)}T=, of N be such that 
f,( D,,) c D,,= 1 for all n and the pair 
({ fn(k)+l O fnW+2 o . - * O fnuc+l) 1,“_,7 P”W ,,“=,) 
with n(0) = 0 satisfies Condition C - c for an 6 < 1. Then diam( K,,) < 2C, diam( E,,)?*, where 
n(k) G n < n(k + 1) and C, satisfies (2.3). 
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3. Connections to continued fractions 
The idea for this paper originates from the theory of continued fractions. Indeed, if all f, are 
nonsingular linear fractional transformations, then F,(z) represent the approximants of a 
corresponding continued fraction. If f, has the form 
f,(z) = &Y where a,#0 for n=l,2,3 ,..., (3-l) 
this is obvious, since then the composition can be written: 
F,(z) = a1 
bl+b+ a2 
=2 +g +...++~. 
2 
(3 4 
a 
+b,+z 
Otherwise, if 
f,(z) = 
a, + c,z 
b,,+d,z’ 
where A,, = and,, - b,,c,, =+ 0, c, # 0, 
then f,(z) can be written: 
f,(‘) = 
4 + 
:“a,/,, ) 
an/c, + z 
which is the composition of two transformations of the form (3.1). To say that Fn( z) + F(z) = c 
for z E D, means that the modified approximants F,(z) of the continued fraction converges to c. 
If D contains at least two points, this is known as general convergence of a continued fraction 
t41. 
This way of proving convergence of a continued fraction is known as the value region or 
prevalue region technique. If D is bounded and all f, given by (3.1) with b, = 1 satisfy Theorem 
1, then the corresponding continued fraction converges to c also in the classical sence, i.e., 
F,(O) + c, regardless of whether 0 E D or not [4]. Combining this with Theorem 2 leads to the 
following interesting observations. 
Corollary 5. Let D be a simply connected domain, and let E G D be a bounded, closed set. Then 
there exist constants C > 0 and 0 < p < 1 such that every continued fraction 
with 
Kb,/b,) = a1 
bl+ 
a2 
7 a,,, &EC, a,+(), 
a3 
b2 + b, + . . . 
a,/(b,+D) GE forn=l,2,3 ,..., 
converges generally to a value c E E at the speed 
IF,(z)-cl <Cp” forn=1,2,3 ,... . 
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Corollary 6. Let D be a simply connected domain, and let E G D be a bounded closed set. Then 
there exist constants C > 0 and 0 < p < 1 such that every continued fraction 
K(a,/l) = 
a1 
9 a,E(C, a,#O, 
1+ a2 
a3 
1+ 1+ . . . 
with 
a,/(l+D)cE forn=1,2,3 ,..., 
converges to a value c E E at the speed 
IE(z)-cl <C$ forzED forn=1,2,3,..., 
and 
VW --cl <CP” f rom some n on for every z E 6\( -1 - 0). 
In particular 0 E 6\(-1 - 0). 
Remark. For people familiar with the continued fraction theory, this really means that if 52 is a 
simple convergence region for continued fractions K( a,/l), then every continued fraction with 
elements taken from a closed subset of the interior of Sz converges geometrically. 
Of course, also Theorem 3 leads to similar corollaries. 
Another idea which we can transfer from the continued fraction theory to the more general 
situation in this paper, is the concept of tail sequences. 
Hence, a tail sequence { c, } is a path (trail) for { f, } just as { CA } satisfying CL = f ( CL_ 1) is a 
path for a function f. 
Beginning with an index n and a number c, E D,, we obtain c,_i = f,( c,) E D,_1 etc., until 
we have {co, ci,..., c, }. However, there is no guarantee that this sequence can be extended in 
the other direction, i.e., that to a given c, there exists a c,+i E D,+l such that c, = f,+l( c,+l). 
Indeed, if ({f,}, { D,J> sa is ies t f Condition C - e with E, < 1, then this can be done to obtain 
{ c,}~=~ if and only if c0 E limn_,,K, = lim,,&(D,). 
Theorem 7. Let ({ f, } , { D,, } > satisfy Condition C - 6 with E < 1. Then c0 is the first element of an 
infinite tail sequence for { f, } withc,ED, forallnifandonlyifc,~lim,,,K,,=lim,,,F~(D,,). 
Such infinite tail sequences for { f, } correspond in a way to the fixed point of f when we 
study iterations of this function. If diam( K,,) + 0, we have a unique tail sequence { c, } for { f, } 
with all c, E 0,. 
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4. Proofs 
In this section we shall use the notation as introduced in the previous sections. We define 
u= {EC; 121 cl}, 
U,= (zE6; IzI <Y} for r>O, 
5 is the closure of a set D 
F(k)=f,+l~fk+2~ -em Ofk+,,, such that I;,‘“)=F ” n’ 
To prove Theorems 1 and 2 we shall use the following lemmas. 
Lemma 8. Given the functions f, : u --, f6 for n = 1, 2, 3, . . . , analytic in U and continuous in 8. For 
5 E U define 
F,(z, S) = SfJz), F,(z, 5)=F,-&fn(z), S) forn=2,3,4,... . 
Then there exists an analytic function L : U + c such that 
IF,(z,[)-L(S)(<2([(” forall(z,[)EGXU, nEfW. (4.1) 
Proof. For (z, c) E @X U we define 
and 
4k 0 =fZz), qn(z, 0 = f [qA,fn(z). 5) - qn-l(O? 0)l 
for n =2, 3,4 ,..., 
n-l 
L,(l)= C qk(O,O)tk for n=l,2,3 ,... . 
k=l 
(The empty sum ~~,1 . . f = 0 as usual.) 
For fixed z E U, qn(z, S) and q,(3,, S) are analytic functions of { E U such that 
14*(G 5) I G 12 I 41& S) - do, 0) I G 2, 
and thus 
14kL 5)--&(O,O)l G2151 
by Schwarz’ lemma. That is, 1 q2( z, S) 1 6 2. Repeating this argument we find by induction that 
lqn(z, l) ( 6 2”-l for (z, 1) E UX U. (4.2) 
Induction also shows that 
Fn(z, a) = L,(c) + [“q”(.z, [) for n = 1, 2, 3 ,... . (4-3) 
Combining (4.2) and (4.3) we find that I L,(l) } 6 2 for I[ I < $. Hence 
L(c) = E qk(% o>sk= np&Ln(l) for !<I < i, 
k=l 
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is an analytic function bounded by 2 for I{ 1 -c :. We write 
Then 1 d,(l) 1 G 4 such that by (repeated use of) 
Id,(S) 1 ~4wi)” for IzI <: and 
We can therefore write 
F,(z, 5) = L(S) + 3”% t z, 0, 
where 
O)Sk for I[[ < 5. 
Schwarz’ lemma 
n = 1, 2, 3,. . . . 
is analytic in U X Ur,* and continuous in CX Ur,Z with 
IR,(z,2)1~2”-‘+4.2”<5-2” for(z,[)EuXU,,,. (4.6) 
From (4.5) and (4.6) we deduce that 
<(z, Z) -+L(l) for (z, k) E CX q,*. (4.7) 
For fixed z0 E c, -F,( z,,, S) is an analytic function of S mapping U into I?. Hence (4.7) combined 
with Stieltjes-Vitali’s theorem yields that 
lim F,(z,, a) =t(z,, l) exists for all SE U 
n-roe 
and i(z,, 5) is analytic for all SE U. Since i(z,, Z) = L(S) for c E iI& we thus have that 
L(c) is analytic in U and 
I;,(z, S) +L(J+) for (z, 1) E UX U. 
This also means that I L( 5) ) q 1 in U, and hence I F,( z, l) - L( 5) ) < 2. Using the local 
representation (4.5) and Schwarz’ lemma (repeatedly), we arrive at (4.1). •I 
Lemma9. Let O<r<l andg k : U + q be analytic functions for k = 1, 2, 3,. . . . Further let 
G, = g, 0 g, 0 . . . og, forn=l,2,3 ,... . (4.8) 
Then there exists a c E q such that 
IG,(z)-cl <2r” foraZlzE UandnEN. 
Proof. Let f,(z) = e-‘g,(z) and use Lemma 8 at l= C. 0 
Proof of Theorem 1. Let t be a Riemann mapping function of II,,; i.e., t is an analytic, univalent 
function such that t( Do) = U. Then t(E) G q for some positive c < 1. Finally, let g,, = t 0 f, 0 t-’ 
for all n. Then g, is analytic in U and g,(U) c q for all n. Setting 
G,=g,og,o . . . ogn=tofiot-lOtOfiOt-‘O . . . otof,ot-l=toF,ot-‘, 
it follows by Lemma 9 that G,(z) converges uniformly in U to a constant function G(z) = cl E q. 
Hence Fn( z) = t-‘( G,( z’)) --) t-‘(q) = c uniformly for all z E I&. 
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Since all F, are analytic in D and uniformly bounded (F,(D) G E) and F,(z) converges to 
F(z)=c in II,, the locally uniform convergence of I;,(z) to F(z) = c in D follows by 
Stieltjes-Vitali’s theorem. q 
Proof of Theorem 2. With g, and G,, as defined above, it follows from Lemma 9 that 
IG,(c)-t(c)1 ~28 forall[EU, HEN. 
Let 
s(z) = t-’ ( ::igz) -cc. 
Then s is analytic in U, s(O) = 0 and 1 s(z) 1 G iA4 for all z E U. Hence, by Schwarz’ lemma 
Is(z)1 <+M(z( forzEU. 
The choice 
G,(S) - t(c) 
‘= l-t(c)G,(S) 
then gives 
Is( = If-‘(G(C))-4 = IF,b+cI G:M 
G,(S) -.+> 
I_toG cc) DEW, 
n 
where 
C, = sup{ II- t(c)G,(S) 1-l; l E U} < (I- It(c) 1)-l, 
andwhere C,+(l- lt(~)1~)-‘since G,([)+t(c). HenceTheorem holdswith p=e. 0 
Proof of Theorem 3. Let t, denote the Riemann mapping functions of 0, for all n E N such that 
t,( En) c q for all n. Further let g, = t,_, 0 f, 0 t,’ for all n >, 2 and let 
G(l) = g2 o g, o . . . n 0g,+1=t10f20t21.t20f30t31. 0.0 qpfn+10t;21 
= t, 0 p 0 t& 
where I;n(‘)=f20f30 .+. ofn+l. Then g,, : U + UC for n = 2, 3, 4,. . . , so that by Lemma 9, 
G,‘l)( z) + cr E UC and 
I G,“‘(z) - cl I < 28 forzEUand n~t+J. 
Let c = fl 0 t;‘( cl) and 
s(z)=flq’ a -cc. 
i 1 1 
Then s is analytic in U, s(O) = 0, and s(U) + c c E,, so that 
Is(z) (< I.zl diam(E,) forzE U. 
The choice z = ( G,“‘( {) - cl)/( 1 - C,G,(‘)( S)) then gives 
Is(z)1 = If,ot,‘(G,“‘(S))-cl = IFn+l(w)-cl <2C,diam(E,)e” forallnEN, 
178 L. brentzen / Compositions of contractions 
where 
C,=sup{ ]I-C,G,“‘(S)]-‘; l~U}<(l- ]q])-‘. 0 
Proof of Theorem 4. That diam( Knckj) < 2C,diam( E,,)?’ follows from Theorem 3. The result 
then follows since { K,,} are nested sets. 0 
Proof of Corollary 5. Let f,(z) = a,/( b, + z) in Theorem 2. 0 
Proof of Corollary 6. The first result is a restatement of Corollary 5 for the case b,, = 1 for all n. 
The second part follows from arguments in [4]. 0 
Acknowledgement 
I am very grateful to Prof. St. Ruscheweyh. He suggested the present proof of Lemma 8, and 
thereby improved my original estimate 
26 
where p = m. 
Notes added in proof 
See also: I.N. Baker and P.J. Rippon, Towers of exponents and other composite maps, 
Complex Variables Theory Appl. 12 (1989) 181-200. 
The author has changed her name from Lisa Jacobsen to Lisa Lorentzen. 
References 
[l] J. Gill, Compositions of analytic functions of the form F,(z) = F,_,( f,Jz)), f,(z) + f(z), J. Comput. Appl. 
Math. 23 (2) (1988) 179-184. 
[2] G. Golusin, Geometrische Funktionentheorie (VEB Deutscher Verlag der Wissenschaften, Berlin, 1957). 
[3] P. Henrici, Applied and Computational Complex Analysis, Vol. 1 (Wiley, New York, 1974). 
[4] L. Jacobsen, A theorem on simple convergence regions for continued fractions, in: W.J. Thron, Ed., Analytic 
Theory of Continued Fractions ZZ, Lecture Notes in Math. 1199 (Springer, New York, 1986) 59-66. 
[5] W.B. Jones and W.J. Thron, Continued Fractions: Analytic Theory and Applications, Encyclopedia Math. Appl. 11 
(Addison-Wesley, Reading, MA, 1980); (distributed now by Cambridge Univ. Press, New York). 
[6] S. Willard, General Topology, Addison-Wesley Ser. Math. (Addison-Wesley, Reading, MA, 1970). 
